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INTRODUCTION
Throughout, we assume that R is an associative ring with identity and all modules are unital left R-modules. By A module M is called locally noetherian if every finitely generated submodule of M is noetherian. Clearly every module over a noetherian ring is locally noetherian.
J(R)
In this paper, for a locally noetherian module we prove some conditions equivalent to being a cws-module. Every semilocal module is a cws-module. For a locally noetherian module M with RadM<<M, we prove that M is weakly supplemented if and only if every cyclic submodule of M has a weak supplement in M.
For a commutative domain R we prove that R is h-semilocal if and only if every torsion R-module is a cwsmodule. As a consequence we obtain some conditions equivalent to being cws for some certain modules over a Dedekind domain.
COFINITELY WEAK SUPPLEMENTED MODULES
The first result is elementary and well known but we include it for completeness. 
□
In [3] , a module M is called finitely weak supplemented (briefly fws-module) if every finitely generated submodule of M has a weak supplement in M. The class of fws-modules is properly contained in the class of weakly supplemented modules [3, Proposition 3.9]. We are going to prove that over a noetherian ring, every fws-module with small radical is weakly supplemented. First we need the following lemma.
Lemma 2.8. A locally noetherian module M is semisimple if and only if every cyclic submodule is a direct summand of M.
Proof. ( ⇒ ) Clear. (1) M is weakly supplemented.
(2) Every cyclic submodule of M has (is) a weak supplement. (3)
Every finitely generated submodule of RadM M is a direct summand.
(4)
M is an fws-module. 
□
In the following example we show that without the assumption that being locally noetherian Corollary 2.9 need not be true in general. Note that a finitely generated module is locally noetherian if and only if it is noetherian. 
R
R is not (locally) noetherian. To see this, for every n ≥ 1, let I n be the principal ideal of R R generated by the element a n =(k i )∈R, where k i =1 for each i ≤ n and k i =0 for each i>n. Clearly a n =a n. a n+1 for every n ≥ 1, that is, a n ∈Ra n+1 =I n+1 and so I n ⊂ I n+1 . Proof. Let K be a finitely generated submodule of M. By Lemma 2.8 RadM
We get M=K+RadM+N and K∩N ⊆ RadM. Since K is finitely generated then by hypothesis K∩N is also finitely generated, so by Lemma 2.1 K∩N<<M. Hence N is a weak supplement of K in M.
Lomp proved in [2] that every finite sum of weakly supplemented modules is weakly supplemented. But arbitrary sum of weakly supplemented modules need not be weakly supplemented [ 
COFINITELY WEAK SUPPLEMENTED MODULES OVER COMMUTATIVE DOMAINS

In [5], Matlis called a commutative domain S h-local if every non-zero ideal of S is contained in only finitely
many maximal ideals and P S is a local ring for every non-zero prime ideal P of S. S is h-semilocal if every non-zero ideal I of S is contained in only finitely many maximal ideals of S i.e. I S is a semilocal ring. Clearly Dedekind domains and h-local domains are h-semilocal domains.
In [6] , it is proved that a commutative domain R is h-local if and only if every torsion R-module is cofinitely supplemented. A relation between h-semilocal domains and cws-modules is given in the following Theorem. (1)
R is h-semilocal.
(2) Every cyclic torsion R-module is weakly supplemented. (1)
M is a cws-module.
(2) N is a cws-module.
(3)
Every maximal submodule of RadN N is a direct summand.
Corollary 3.4. Let R be a Dedekind domain and M be an R-module. Suppose the reduced part N of M is torsion. Then M is a cws-module.
Proof. Since R is h-semilocal, by Theorem 3.1 N is a cws-module. Therefore by Corollary 3.3 M is a cws-module. □
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